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COMPAR.3SON OF SIDEBAND SPECTRA OBTAINED FROM ANALYTICAL
FORMULA AND FROM NUMERICAL S1MULATION IN FREE-ELECTRON LASER”

Harunori ‘lbkeda

Loa Alamoe National Laboratory

MS E531, Los Alamos, NM 8764,5

The sideband qwctrum ●ppearing in the free-electron iaeer is analyzed For an untapered unduiator, we predict the
wavelengths of local peaks arising from the sidebandt; they are compared ‘with numerical simulations. In our analytical
theory. three lacer.driving term an derived: One ~ doee not chi~ in thquency, &ives ● number of frequencies
simultaneously, and is always the strongeet term with a fixed strength. ‘&heother two driving term, which also drive
multiple frequencies, chirp to both direction from ● meonant frequency. We aesume that the sidebands originate from a
dipole Oscillation of ●verage ●lectron ener~. This oecillst ion frquency it equal to the synchrotrons oAlation frequency,
The theory predicts that the ctrength of the chirping term is proportional to the amplitude of the chpole moment,

Sidebamk reduce the extraction efficiency and the gun of ● tkeeel-’mon lam (FEL) with ● tqwred undulator, On the
other hand, the sidebands occurring in an untaperedFEL undulator inmeaee the extraction ef!kiency and thegain, In an
oeciilator experiment, the laser light is amplified between twomirrcm hi this paper we dkcum theepectral characteristics
of eidebands occurring in the untapered unduiator and the local packs of thehem epectrumwhen new eidebands are
excited end their inteneitiee are incmaeeci M thepaaenumber of thelosermdhbn in the cavity ittcreaeee,

To explain the spectral c!mrecterietiu of the si&band, we extend tiwrnuitifrequency fotmuiation of the free-electron
lad by including a eimpk oaciilator that repmeents the eideband, The frequency of the oecilhtor is aeeurned equal to
thesynchretronoeciliation frequency of the electrons in thepondaromotive potential well. UeiM thh theory, we derive ●

relation between the fkequency eepuatim of eacheideimnd and thebandwidth d the fundatnentaL We ako dedve thnt
the eynchrotron motion inducee frqnency chirpings of the kaer fiorm the resonant ~Ue41Cy. TWO sideband driving terms
arise from ● singie remnantfrequency that splits in oppoeite ciirecthns,

“Werelate the aynchrotronperiodand theundulator length ee ● functionoffkequency chirp, The numerical emulation
~hows ttie came frequency chirp oft he peak intenoity u the anaiytkai]y obtained frequency chirp,

To contlrm the picture cd eidebande obtained from thesnaiytd etudy, we ohmtlated an FEL oscillator ●xperiment
twing u one-ditnomionai FEL code, FELP,** aatuning that no lmr ittteadty k ioet in theopticalcavity, An untqmeci
unduiator is placed ●t the cenwr of thecavity. The bar in thetnuitiIMM numerical dmulation start- with noiee chasac.
terkedby wide bandwidth, randan phue, aad rdcxn atnplituda. The stwing httenaity k eet euch that it ittdttcee the
cytdtrotrm oaciilation with ● period ~ter thuttheunduiator kngth. Lacer epecwa are cakulated by taking enaphots
●t wed pastnutnbere.Then, the local poake 04 the epectra m comparwd to thepredicted peaks from the andyticd

-m.

Udng the one.dimeneiottal approximation, w include both the fundamental and tho cidebande in the electron equat ion
of motion hy oxpmaing the optical field ae euperpomd vmva. Mltting the vectw potentials of the optical fkld and helical
undulamr ●s

(1)



The phaae angle of an electron for a wave number k can be defined as

/

1
*h = kLz + kwtd: ‘ULkt + ~Lk . (5)

o

Following the standard derivation using Hamilton’s equation, one can obtain the energy equation

(6)

where a., and a l,k are dirnemsionksr vector poterttiak of the und~ator Md the ]mr, respectively, with wave number k,
The huer frequency is deftned as tiL~ = ckL, The time derivative of theelectronphase angk is

(7)

where 6 is defhed u o sum of dimensiotdese vector potentials of the laser and the undulator [= ~ (AW+ AL)].
In the presence of ● frequency ~jnwad, the buckets from each wave number k are superposed, causing the electrons to

be detrapped from the bucket of the remnant frequency,

It ~a generally accepted that the eidebmd is driven by a periodic motion of ●lectrons in the bucket, The sideband
●ppears in the lam epeetrum u an molded~uency in JIddition to theftmhmerttd frequency, To have gain ●t the ~ideband
frequency, the luer must be driven by thetruuversemotion of electrons●t that frequency, Tberefme, the transverse
motion of the ekctrons muet poaeeee sideband bqueneies. The tranwereevelocity and the total e!s$tron ener~ ue related
by fl~ = ~ (where a ia tbetmnevem ditneneiotdau vector potential of the fle]d); we note tha, the driving of the sideband
is not directly related to the longitudinal poeition of the ●kctrons in the bucket. N’hen the electrons tue localized rmd
occillate in the longitudinal plteM space, thetruweraemotion multittg from the mcillation drhw the laser field at the
corresponding sideband frequencies.

Whtm an ekctron beam with ● end ener~ spread entem zn tmduiator, the ekctrons w- a nu&m of bu:!wts;
each bucket correaponde to ● bucket of ● particular lager frequency and phame, HOWSW, the energy transfer from the
electrons to the la- is mwtimum where the peak tin is equal to the ●kctron.bsarn energy, Ako, ● bet field with shorter
wavelength having ● negative gun ●t the dectron+eunenergy(u mated by ptaneous emiseion or noke) @vee energy
to tht electron beam, Then the energy it tranaferrad from ● Aort umwlertgth to a long fw, Iarttentalwavelength.

BeCMMCthe energy ●t which peak gain occtm for the fitndamantalh b@ter than the bum energy, tb average energv
of the ●lectrons is higher than the remnant ene~ of that bucket, Tbe ●verage ener~ of the electrons oscillats~uoumd
theresonant~ticle of tbe bucket. Thio ozciihtion frequency ig ●pprdmately the synchtqrozk frequency with regpat
to that bucket, A. the atqditude oft he fundamental increum and ddebutdz are ~ated ●tAorigezwwelaqt ha, lower
resotmnt energb of carreapanding bucbets from cidebande reduce the aeciikkn center of the wemge electron energy,
and ● further detrapping from thebucket d the fitndunentai occurs, This action cauaet ● net podtive gain and incmaaed
eftlciency for an unt●pered tmdulator.

The ●nergy of thejth ●kctron u ● function of time can be approzhtmtcd M

where WSis the rwerage energy aecillstion fkequcm y that ia qtpratrirnataly tbe eynchrotmt frequency, w is th~ wernge
enertw of the aocillation center, utd ?) ic the ●verage enerRYoeciii-tian asnpiitude. Thephu I@? 4 of the eVWS&
energy oeciiiatian ●t the tttrdttbt entrance i. left unknown: aacutning dv - 0 sppeus ~tabic, but it violates the
observed tettdmcy that the inteneity.weigbt~d wavelength of the opectrum chirp~ )anger becauw of the ddebtttd,

&t ue aosume that two sidebutdo ue preeent ● fkquenciee equally dispiaced Aout the resonant frequency When
@iectrottoenter tite undulator with uniform phaec.utgie distribution, the mm of tb driving terms ovw the eiectrons is
term However zfter a short dietance in the Uttduiator, the crtergy d the electruns is ittcti by dxorptiott from t ht
oidcbandc, Each mid~bandhaz the foiiowiq wave ttumiwr: one wave number with k~ + 4k above the reeonatm k~ anti the
otk with ~IR - bk, Aemrning thatthe CM of the laser fleid pham nt wwe number &n it UWI], the ●]ectw pbwt U@
VkR+I~ reducee, Th* other phaae attgic ~tm.t~ ittcreaeea by the eune amount, For an untapered unt!ulatort Eq, (OI gi~’e~
a net positive energy to ●kctrom from th~ sitkbandc, Thi~ remdt itttpiiee thsttbe pitw angle e! ia ●pproximately v for
th? untapered unduiator,

Reatatin~ the zaeumptian of WI, (8): Each @kctron ener~ is repked by an aveqp ewrgy titatouihtee uound ●

sideband.modified remnant enercY w, Although the sidebutd.tttodified remnant energy ionotw4) dtdked, it iodetmtninai
from the emerging buckets red i~ from the preeettcc of sidebutda. The phnne di~tribution of theekrotu mttribut es
gain to both fundamental and sidebutde, but it doee not directly drive tbe sideband,,



subgtit~ti~g ~, (~) into ,+A = ~ , -d ~amiw that ~ne ratio of huc~et height to the resonant energy is smrd, one

obtains the fcdkming transwrae ●lectron velocity modulated by the syuckotrw oscillation:

/?, = au
cos(ku,9tct + do)

TO 1 + * Cos(d,t +@, )
1

[
*A l-~

1
Cos[b+t+ @J,) Cos(kld’?:ct + do)

70 -10

au

{
Qe)(d+co) - &tjl(u-w, )f-$, +40]

}

W j[(ti+w, )f+$. +eol + Cc, ,
- —c

‘G
(9)

70 ?0

when the ●lectron transvwse frequency is ~’ = Ckti,f?,. and C.C. means complex conjugate. Equation(9)statesthat
theelectron transverse motion, in fact, b ●W*,tnodufatecf frequency components. ‘The radiation field is driven by the
trknsverue electron current. and two sidebands act driven by the trsi,nsvcw~ motion. 1 he stsengt h of ench comporwnt is
measured by the relat ive ener~ #, A sideband component is weaker than the fundamental by a factor ~ , which is. at

$most, a gnin bandwidth of tlwun ulator.

A si~le frequency component of th field is obta4ted by intc~tsting both sides of the spectrally decomposed laser
equation (derived in Ref. 1), with respect to r aftermultiplying by e’ti’r on both #idea of the equation. The ith component
in the left-hand side (LHS) of the spectrally decomposed hoer equation is

(lo)

We include the sideband in the laser quation u follows: using the folfowing rahions that relate the variables r and q
to the variables f and :.

and

t=
1

:+— l_$, r’

we aubstitutc the second equation above into ~. (8). mod Udng #lJ = & , th apectrdh’ decomposed field quatiott
can be approximated to first order in ~, The ith ]- wave-number component in the right. hand aide (RHS ) of the

spectrally decomposed ham equation is then given by (sac Ref, 1 for dehition of terms)

(11)

multipli~d by t constant A’~ ~, (The abbreviation H*C atutds fbr Herntitian conjugate, ) In the RtfS of the sp@ ral

field quat ion, th? tapwdqwttdent tam e-{*W* e~n be extracted from the intewd ‘



After performing the r integratim fran
co?nponcnt of lhc lnwr qmtion:

O 10 ● her pulw dippge lime q ncm~ IIw undulntrw. wc obtain the ith

c’~fi

sin ~ .,, - l..* +.*
(12)

x *(.,-k.*+”*) a“ ‘

Tbe BraI d a tmms m tk Ft.BSare ~ ewn witlmw arm rnlhtitm. ‘h thirdand fmwtb term,
which have a multiplim of qmchrotrat cdlatim. ~t tbedkt *ting from tb qlch~ron mcillatim,

\V6 multiply by C-’oCand wparate A Md i@n~ prts. The ml part ghn an equstim for ph.aH:

(14)



sin% (., - kw*+v*)

x ; (WA!*+,*) “““
(15)

In both the amplitude and the phase equations, there are two types of frquency-dependent terms.They are

sin b,”

T’
sin(.Y,B + ~,), and C09(.YIV+ dl)q

Iv

where .YIMand 6,Ware given by
.
.

.~i. = ‘+ [4, - (d, - UJ,’)] + L.w+.
and

4,” = ++ [4, - (LJp- l+’)] ,

where u= O,+l. aod -1 . (16)

(Ii)

U@g S. ~d 6,.. Fqs. (14) nnd (15) cimplify to

and

The mmsmd●xpmrnon d ErI. (17) ml~tes the @ndic ouillm ion frquency U,. OUChu thr qmchrotron fquency. ‘o
tlw corresponding lam frequency shift w,’, We note Ihat when th~ lam frquency W,in -@ tot he w,, then ~ tskm
its nmximtun vmluein tk dxemc of the rndcbutd mn$, thus. cormqumdn to the“mum conditloit,”To show this,wc

WIW W, m w, by uti]izing the mlatioa & = ~. We obtsin

(20)



\Yhen a dominant bucket is formed at hjgh ]~.wr jntensity, we may aSSUIIIe that the l[iser pllasr angle changes slo~vly,

one of the effects of the sideband is that it artificially shifts the budet with respect to plmse. nccording to the amount of
the sideband frequency shift. The spectral funct ion in the driving tern) is modified by tllr Sideband tvith v~!j:

(?1)

The shift of the spectral function caused by the sideband is

This equation stat es hat when the frequency chirp caused by the sideband is more !ha]l half the lfiscr band,vi,l Ih
(synchrotrons period < ul]dulritor kngth). the driving tern) ]>iis>~s a node and stnrts drivi]ig the next ba]]d\vidtli. TIN
strength of the spectra] function beconles m~imum at eveq rr. Mfhen the sidebands are driven by’this chirping mechanism.

a new sideband appears as the chirping given by Eq. (22) passes etich node.
The wavelength chirping of each sideband with respect to the fundamcnt al can be obtained as follows: Using AL =

~AU. the second pm of Eq. ( 17) becomes

Taliing the ratio to WL, corivertine to wavelength using Eq, (22), and ncding that the driving term has nodes at every
r in AL’L,we obtain the sideband sqm.rations AS

AAL A
~m where m : intege] > 1 .

‘=+LAL
(’n)

sync

lye have included the factor m to rep=nt the mth sidebmld. For exwp]e, in the Los .4]amos experiment with Au, =
9J cm and L,vnc = 1 m, the quantity ~ is calculated to be 0,3 pm, which is in good agreement with the numerical
simulation,

In addition to the sicbhanris that chirp from the resonant frwpsenry as dmcribed above, there nppears another class
of sidebands. In the following sections. we study the individual driving terms closely and identify the different classes of
sidebands.

Neglecting the common multiplicative factors, the driving terms of Eq, ( 19) from the jth particle by the undulator
field can be written M

sin 6,0

()

?’b sin A,v
F = sin(.T,o + d,)~ - —

270
sin(.Ylw + 4$, - q - W$c)y .

1 1P
(23)

\!’e note that kW& + @, is equal to (kL + &u,): - U/t + d,. A negative sign in F , t is includml in Eq (25), The factor

v = V% ~ and its ratio to electron ph~ ~e ~]at;w]y SIIId] [or a o-cm period and l-m undulator:

V “Su A
-J. =,, ~ - *37.

ku+ k.. L,,.,

Sepssrating th~ terms witLin sin into one term that includes the frequency and another term that includes the phmc
angle ku.~ + o,, E{i, (25) is written as

For an ideal untnpered undu]ntor, the twcsnant angle is zwo, We make the ruwumption that tlw resonant angl,

k, & + 6, is equal to zero for all buckts, including those arising from the sidelmods. This assumption is rcascrnlilJ(,
bccauw tlw undulator tapw determines the reaonutt utgle, With this assumption, a sum over particles is zero:



The driving expression is further simplified to

(Fti-cos kw
61

)

sin2 *(W – -,,)

1- h,,
+ *:

;(U’ - U“p) ‘(~)cos(k”l:~x,+o’-”)

TWO driving terms are characterized by the presence or absence of tw~. The first term in Eq. (27) has no dependence on
w;. For tile second term, the spectrum is displaced by ~~~,but it maintains its spectral shape. .Also, the amplitude of this
term depends on the amplitude of the average ener~~ oscillation, which is expected to be, at most, a relative half-energy
sp:ead of tlw dominant bucket.

Although the initial phase A, is determined by when the electrons effectively start bunching along the undulator. NV
can u.lderst.and the sideband chirping better by approximating .$C= =. BY doing so. the phase of excited ,~ii~(, frml~ t 1,,
first “statlma~ term” and from the second “chirping term” are equal at the limit ~’~ = O. Both terms have the same
spectral shrrpe with its origin coinciding at the limit ~.j = 0, The spectral shape of the stationary and chirl,ing terms are

ahown in Fig. 1. They are centered at wavelength 10.14 pm, and the chirping term shown as a dashed line is also centered
at 10.14 pm. At this limit u’j = O, nodes and peaks for both spectra coincide.

The chirping term with v = 1 chirps to a longer wavelength from the center, and it enhances the amplitudes crested
by the stationary term as its peak sweeps over the local peaks of the stationary spectrum. The chirping term with v = – 1
chirps to a shorter wavelength from the center, and it cancels the arnplit udes created by the stationary term because the

phase of the station~ term is opposite to the ph~e of the chirping term. The phase of waves at a wavelength less than
the center is driven by the stationary term n away from the phase of waves at a wavelength longer than the center.

The staticnw tem drives more strongly at local peaks that locate symmetricrdl~ from the resonant wavelength than

at the chirping tem~. Each local peak of the stationary spectrum drives the sideb~d; this CISSSof sideb~ds develops
independently from the synchrot ron oscillation. As the total laser power increases, a number of sidebands appear, even

when the ratio of undulat or kngt h to synchrot ron length is about one or two.
The chirping spectrum enhances the waves excited by the stationary $Pectru and ~SO c~ates its own 10C~ pea~s.

The frequency of aidebands driven by the chirping terms degenerates from the resin peaks of the stationary term. The
amount of chirp ia determined by Eq. (22). The peak of the laser amplit uc!e spectrum chirps to a longer wavelengt !1
according to the perdi of the tikping spectrum.

Figure 2 shows the driver F as a function of synchmtron length Lsutw. As the c.hkping term chirps in the wavelength

according to the synchrot ron length, its peak traces the spectrum of thestationary term, The effect of t ,le si iebnnd
gradually increases and peaks at 2LWi~ = f+apnc: when th~ intensity b-me~ lwerl the Stati-v drivhz term reduces

and becomes zero at L.,,s = J&c. Successive peaks u at &t~ = L,Yn, (n+ ~), The displacement of wa~elength caused

by chirping for a sideband from AP, defined as ~, is obtained by using Eq. (23):

6~L,,~, & ?
—=—. =.
Ap L,ync A’ ‘

(2s)

where z z Lu,/L,tnC ~d N is the number of periods in an undtdator. The fractional wavelength separation between
successive peaks is ~U,/JZ~”nc.

Because the spectrum has a shape ~, the wavelength of successive local peaks of the driver can be obtained by
solving

Z-tan z=o.

0.s9
1

O.s .

!:O.n

f ‘
~ OS

4.00 =

0.0 0.0 10,0

W.wlm@b A(pm)

Fig, 1, The spectral shapes of the str.tionary term and
the chirping term are the same, and Ih? r~ntrr coincides at
U,j = 0.

0,0
1

!: ~0.0

!
0.4

o.a -
I

0.0 I .0 a.o a.o 4ao 9.0

Fig. 2! The stationary driving term is periodic as a function
of *.



The relation between r and laser wavelength A~ is given by

~vhere the ALO is the resonant wavelengt 1).

(T))

In the previous section. we have derived several characteristics of the sideband for an unt apered undulator. lve no~~
compare the local peaks of the spectra obtained from the numerical simulation using FELP and the local peaks calculated

from the analytical expression.

We simulate the multipass process using the code FELP with the following assumptions: (1) cavity loss is set to zero,
(~) the electric fieid is d~ven with random noi~ at the first pa~~, ~d (3) the a~sumed Undl.dater is of the Halhach type.~ -

Ire ran the code FELP under the periodic mode where the boundary conditions for both the electron beam and the laser
are assumed periodic. Initial conditions are shown in the following list:

Electron-beam peak current MO A
Electron-beam ener~v (y = ~) 41.8
Undulator field 3 kG
Undulator length 200 cm
Undulat or wavelength 2.73 cm
Rayleigh range 49.5 cm

The resonant wavelength ~~ of the system including the Gaussian.wave effect is calculated to be 10.14 pm.

. .
the Ch~

The second part of Eq. ( 17). which gives the hwer frequency sh~ft of the drking spectra, can be rewritten in terms
with wavelength using Eq. (20) as

f ~u Z*C
we= ——

AL Launc
, (30)

where AL and AWare laser and undulator wavelengths, The laser wavelength after the shift is then expressed as

=h(, _”;*) ‘ (31)

where N is the number of periods in the undulator (= ~ ) artd the index v can be either + 1 or -1. With respect to“
resonant laaeti wavelength ~L = 10.14 pm. the wavelength shift 6AL is appoximntely linear in ~, as shown in Fig. 3,

For example, the wavelength shifts by 0.3 pm at Leync = Lu,ts.

As the power present in the FEL cavity increases, the synchrotrcm length decreases. Assuming a no-loss cavity, Fig. 4
show thenumber of synchrot ron periods in an unduhst or Iengt h plot ted as a function of power. At 1 GW power. about
two synchrotmn oscillations take place in the undulator, For this nc-]oss system. it takes about 100 passes to rcnc]~ 5

GW with the FELP code. The pass number is plotted agai~st the power in Fig. 5. The intensity was assumed to be 104
W/cm2 at the entrance to the undtdator.

In the following argument, we ignore the dependence on the electron distribution and the laser pha..e because they
are not obtainable analytically in terms of simple expressions. Howevfir, they affect the relative strength of the driving
term; that is. they ●nhance th~ chirping sideband &ivers.

In the nummica] simulation. we trike snapshots of the laser ●lectric field spectrum at PaSS 1, pass 7, Pass 20. Pass
100. and PMS 200. The growth of the sidebands is associated with the synchrotrons length and the wavelength chirp Thr
laser spectrum st Pass 1 is shown in Fi .~ ,6. ,The optical power is 1.572 x 104 W. and gain is about 100, The synchrcstron
length is approximately 1997 cm, and ~ M 0.1, T}w wavelength shift is 0.014 pm. The peak of electric field amplitude

is at 10.18 pm. the sideband with n m phase shift is seen at 10.10 pm. Although it is not clear, we also see thnt the
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portional to the factor fi.

moo

1

Fig. 5. The pass number is shown as a function of laser
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Fig. 6. The laser spectrum at Pass 1.

sideband near 10.33 llm is rising. At this iascr power, threw dri~ing spectra are well overlapped, r,s was shown in Fig. 1.
The electron energy spectrum is symmetric with respect to the average, as shown in Fig. i.

The laser spectrum at Paas 7 is shown in Fig. 6, The optical power is 6,57 x 107 IV, and the gain per pass is about
30%. The ratio ~ is 0.997. It has a peak at 10,2 pm. We observe local peaks at 10.34 l~m and at 10.48 pm. Also there

ia a weak local peak at 10.05 pm. To interpret these local peaks from FELP simulation, we calculated the local peaks
of the stationr.ry term and the chirping terms, Figure 9 comparea the positions of the local peaks: from the stationary
spectrum (Cl*e 1), from the spectrum rhirping to longer wnvelengt h (Case 2), from the spectrum chirping to shorter
wavelength /Case 3), and from the FELP calculation (CMe 4). The resonant wavelength is labeled by Co, the centers of

chirping Sp :ctra are labeled by C, The numericnl resolution is shown M horizontal arrows at points for Case 4. All the
local peak, of FELP lie on one or another of the predictions from the driving terms, showing that the weak local peak at
10.05 pm is driven by the term that chirps to shorter wavelength, other local peaks from FELP coincide with the local
peaks of the driving terms, Becauae they are approximately at the same wavelengt 1]s, we c~not identify which term is
driving the peaks. We note that several sidebands are nlready observed at
the un .iulator length. The electron ener~v distribution is shown in Fig, 10.
asymtnetric and weighted townrcl lower energy.
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Fig. 7. The electron ●nergy distribution at Paas 1 is nearly
symmetric.
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8. Th~ laser spectrum at Pass 7 shows that sidebands
start appearing.
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Fig. 9. The local peaks of the stationary driver and the Fig. 10. The electron ener.g distribution at Paw i shows
chirping drivers are compaxed with a numerical simulation
(FELP) at Pass 7.

an energy loss.

The chirping term at Pass 20 chirped AA = 0.239 pm and AA = -0.226 lJm. The stationary term and the term
chirped to longer wavelength are shown in Fig, 11; the stationary term and the term chirped to shorter wavelength are
shown in Fig. 12. The laser arnpli tude spectrum has a number of local peaks, as shown in Fig. 13. The optical power is
5.4 x 10s W, and the gain per pass is about Q.OYO, The ratio ~ is 1,69 and has a peak at 10.48 pm. We observe a

number of local peaks. AI,I the local peaks from FELP are shown in Fig. 14 as Case 4 together with the local peaks from
the stationary term and the chirping terms. Figure 14 shows that the stationary term explains all of the peaks, but the
term chirping to a longer wavelength predicts well near 10.2 pm. We note that the chirped center of the term to longer
wavelength is about 10.4 pm. and this is approximate y close to the weighted center of the FELP spectrum. The eleetron

energy distribution is shown in Fig, 15: the spectrum has developed a wide bandwidth,
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Fig, 11. The term chirped to a longer wavelength is shown
with respect to the stationary term at Pass 2C.

“o
z “01 Pue 20

1:
ao.o

J ,s.0

4~ lo.o -

i
0.0- -

S.o S.s 10.O 10.s 11,0 11.s I*,O Ia.11

wdeacth J (wj

Fig, 13. The laser spectrum at Pass 20 shows a number of
sidehamis.
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Fig. 12. The term chirped to a short w wavelengt h is shown
with respect to the stationary term at Pass 20.
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The chirping teml at Pass 100 chirped AA = 0.436 pm. and AA = -0.402 pm. The stationary term and the term

chirped to a longer wavelength are shown in Fig. 16: the stationnr-y tcml and rhe term chirped to a shorter wavelength
are shrrwn in Fig. 17. The laser amplitude spectrum developed more local peaks. srs shown in Fig. 16. The optical power
is 5,54 x 109 [V. aIld the gajn ~r pass is about 1.17V0, The raticr ~ is 3,0!?, Figure 18 has two dominant peaks: at

10.46 pm and at 10.93 pm. Figure 19 shows all the local peaks fro#m~ELP and the predicted positions of local peaks,
At the short wavelength near 9.6 pm, the waves with phaw shifted by m are driven either by the staticmwy term or by
the term chirped to a shorter wavelength At the local peaks with a long wavelength near 11.5 pm, the local pealis by
FELP can be explained with the tetm chirped to a longer wavelength. lVe also notice that the center of the term chirped
to a longer wavelength is at 10.5s pm, which is approximately at the weighted center of the electric-field spectrum. The
electron energ.v spectrum at this pass is shown in Fig. 20. The spectrum has a wide plateau in the center.
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Fig, 15. The ener~~ width of the electron energy distribu-

tion increased at Pass 20.
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. 4t Pass 200. the chirping term chirped by AJ = 0.540 ljn~ and AA = -0.4SS pm. The stationary term and the term
chirped to a longer wavelength are shown in Fig. 21: the stat iomn-!” tem~ am} the term chirlwd to n shorter wavelength
are dlo,vn in rig, ZQ, The s~,ectrunl of lMwr ~np]jtude is ~ic}lcr in structure, as S] IOWII hi Fig. 23. The optimal power is

1.?4 x 10’” IV, and the gain per pass is about 0.57%. The ratio ~ is 3.70. Th{’ nmjor peaLs “are near 10.66 pm, whi”h is

the center of the chirping term to a )onge. wavelength. Figure 24 shows all the local peaks irom FELP and the predi~trd
positions of the local peaks. At the short wavelength near 9,6 pm, either the stationary term or the chirped tern] to a
longer Wavelength explains the FELP data. Near the major peaks, the stationary term predicts the 10C~ peals. .~t th~)

longer wavelength limit near 11.S pnl. theterm chirped to R longer wavelength appears matched to the FELP data. The
electron energy spectruni at this pass (shown in Fig, 25) has a wide plateau in the center and a peak at the low-energy
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Fig Q], ‘r] r term chirped to a longer wnvekmgth is ShOWl

with respect to thf stationtuy term at Pass 2LW.
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Fig, 24. At Pnss 200, thr term chirped to a longer wavr-
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. The numerical simulation of sidebands agreed well with the amlytical prediction of the locsd peaks of the spectrum. In
.

the nurnericd sinlu}ation, lmr spectra ~ c~cu]ated by taking snapshots at paw numbers up to 200. For each snapshot,
we calculated the synchrotmn length ~d the f~uency shift of the &iving terms. \\’e calculated all the locsd peaks M

predicted }Jy the three driving terms at each intensity. We then compared those peaks with the local peaks obtained fronl
the immencal simulation, For ~1 the p.SSWS where snapshots were talien, they agrwsd well.
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